We study the behaviour of the non-retarded van der Waals force between a planar substrate and a singlewalled carbon nanotube, assuming that the system is immersed in a liquid medium which exerts hydrostatic pressure on the tube's surface, thereby altering its cross section profile. The shape of the latter is described as a continual structure characterized by its symmetry index n. Two principle mutual positions of the tube with respect to the substrate are studied: when one keeps constant the minimal separation between the surfaces of the interacting objects; when the distance from the tube's axis to the substrates bounding surface is fixed. Within these conditions, using the technique of the surface integration approach, we derive in integral form the expressions which give the dependance of the commented force on the applied pressure.
I. INTRODUCTION
Van der Waals forces (vdWf) are the dominant interactions, which govern the aggregation of electrically neutral atoms, molecules and complexes of such. At the basis of this type of forces are the dipole-dipole interactions, divided in : Keesom forces (i.e. between permanent dipoles) [1] ; Debye forces (i.e. between permanent and induced dipoles) [2] ; and London forces (i.e. between instantaneously induced dipoles) [3] . As far as the theory explaining the origin of the first two is entirely based on the classical electrodynamics, the physicalmathematical apparatus used in the understanding of the manifestation of the latter is that of the quantum mechanics. In his original work London obtained an expression for the interatomic/intermolecular potential in fourth-order perturbation theory for the interaction of a dipole operator with a fluctuating electric field [4] . An important prerequisite for the emergence of the London-van der Waals interaction is the correlation between the spontaneously arisen and induced dipole moments in the particles considered. For distances greater than the so-called retardation length the correlation between the moments weakens, and the pair interaction falls even steeper with the distance, commonly known as Casimir-Polder interaction [5] . A general theory of the non-retarded (London) and retarded (Casimir-Polder) forces, both known under the generic name dispersion interactions, was proposed by Lifshitz, Dzyaloshinskii and Pitaevskii in the case of plane parallel dielectric plates described by a frequency-dependent dielectric permittivity [6, 7] .
The piling research on the mechanisms and types of interactions between carbon structures is an indication of their degree of importance in the field of nanotechnology. In particular the dispersion forces are fundamentally important, when one examines the interactions between pair of carbon structures, including graphene [8] [9] [10] , fullerenes [11] [12] [13] and carbon nanotubes (CNTs) [14] [15] [16] . When it comes down to discussing the stability [17, 18] , vibration modes [19, 20] and mechanical performance [21] of CNTs, the understanding of vdW interactions becomes essential.
In the past two decades, the subject on CNTs deformation under different mechanical loads (e.g., external hydrostatic pressure) has been under considerable interests. In a series of papers, Ou-Yang and co-authors [22] [23] [24] have proposed and developed a model describing the equilibrium shape of CNTs as the continuum limit of the lattice model proposed by Lenosky et al. [25] . In particular, the main finding of their work is that the expression for the curvature elastic energy of a CNT is the same as that of fluid membranes [26, 27] and solid shells [28] . The evolution of the cross-section profile of a single-walled CNT (SWCNT) subject to uniform hydrostatic pressure was studied by carrying out molecular dynamics simulations [29] [30] [31] based on different inter-atomic potentials, density-functional theory calculations [32] , as well as solving numerically the shape equation [33] derived within the aforementioned continuum mechanics model [34] . It is noteworthy that the results obtained from these approaches are in an excellent agreement. Later on, all solutions of the foregoing shape equation determining cylindrical equilibrium configurations of SWCNT under uniform hydrostatic pressure were found and given, together with the expressions for the corresponding position vectors, in explicit analytical form [35] [36] [37] [38] .
When the geometry of a CNT changes it affects not only its intrinsic properties but also the interactions with the surrounding objects. This, in turn, affects the performance of nano-devices composed out of CNTs that might operate under extreme conditions. Therefore, it is crucial to gain knowledge on the dependance of the vdWf between radially non-circular CNTs and objects of various geometries in terms of distances, relative orientations, interaction potential etc.
The aim of the current article is to describe the dependance of the vdWf between a CNT and a planar substrate under the conditions when applied external mechanical load alters above certain magnitude the stress-free cross section of the CNT. To do so, we base our study on results already reported in Refs. [36] and [39] , as the first concerns the description of the radial cross-section change of a CNT under uniform hydrostatic pressure (see Subsec. II A), and the second provides the means to calculate the vdWf between the deformed tube and a planar substrate (plate), say stack of flat graphene sheets (see Subsec. II B). Using this knowledge, in Sec. III we provide in integral form the expressions for the tube-plate force per unit length. The observed behaviour of this force as a function of the applied pressure, after the numerical evaluation of these expressions, is analysed in details in Sec. IV. We conclude the exposition with a summary and discussion section -Sec. V. 
II. THEORETICAL BACKGROUND

A. Analytical description of the equilibrium cross section
Within the model discussed in [36] , when the pressure p is constant in magnitude and acts as an external uniformly distributed force along the inward normal vector to the surface of a carbon nanotube, the Cartesian coordinates of the tube's cross section Γ, parameterized by the arc length s, are given by 
where C = (A − B) 2 /4AB, λ = √ AB/4, sn(·, ·), dn(·, ·), am(·, ·) and Π(·, ·, ·) denote the elliptic sine, delta amplitude, Jacobi amplitude and the incomplete elliptic integral of the third kind, respectively. In Eq. (2.2) the elliptic modulus k is given by
For the curvature κ(s) of Γ the model shows that
where cn(·, ·) is the elliptic cosine. The constants α, β , γ and δ , appearing in some of the above expressions are the roots of the polynomial P(κ) = − 1 4 κ 4 + µκ 2 + 2ς κ + ε and are explicitly given by
where η and q are positive real numbers and the bar over γ designates complex conjugation. The free term in P(κ) is equal to: ε = −2ς κ • − ς 2 c − µ 2 , where κ • = 1/ρ is the curvature of the stress-free cross section, which is supposed to be a circle of radius ρ, and c is an arbitrary constant. The inspection of Eqs. (2.1)-(2.5), shows that in order to obtain the coordinates of the carbon nanotube cross section at certain value of ς , i.e., pressure, one needs to determine the parameters η and q. The system of equations which solution determines the values of η and q is the following: ϕ(T ) = π/2n and T = 2πρ/n, with T = 4λ −1 K(k), where K(·) denotes the complete elliptic integral of the first kind. The first equation represents the closure condition of Γ, while the second takes into account that the length C of the cross section is fixed and does not change upon deformation. All the characteristics of the cross section contour commented so far are visualized on Fig. 1 .
Since ς is the main quantity which determines the cross section profile (see Fig. 2 ), one can pinpoint several key values of it at which essential changes of that shape occurs. Introducing the dimensionless pressure σ ≡ ρ 3 ς , the model predicts that for σ ≤ σ b ≡ n 2 − 1 the tube's cross section is a circle of radius ρ, with the curvature at any point positive and inversely proportional to ρ. Here σ b is the so-called "buckling pressure" and n ≥ 2 is an integer which is interpreted as the number of symmetry axes, of a non-circular cross section, with respect to which the shape in question is symmetric upon reflection. When the value σ b is exceeded the cross section is no longer only a circle, and its curvature now depends on the point at which it is being measured. The first value of σ at which a given cross section of n-fold symmetry has exactly n points at which the curvature is zero, i.e. when α = 0, will be termed "threshold pressure", and designated by σ t . Within the theory commented so-far σ t = q(η 2 + q 2 )/4. Further increase of σ results, in purely mathematical sense, to contact between opposite points on a CNT's contour. This value is designated by σ c and dubbed "contact pressure". Its amount for various n is FIG. 3. Explanatory depiction of the SIA applied for the interaction between arbitrary in shape 3d object and a flat (half-infinite/thick) plate, separated by a gap of length L. The infinitesimal projected area element dS is calculated by simply subtracting the space S g 2 enclosed by contour 2, whose general equation can be written as g 2 (x, y + dy, z) = 0, and that, S g 1 , enclosed by contour 1 -g 1 (x, y, z) = 0, for some fixed value of y. Here we note that when S g 2 > S g 1 , the ycomponent of the resultant unit normal vector n r to the infinitesimal strip formed between g 1 and g 2 , is negative, which defines a surface region of the particle that "faces towards" the plate -A to S , and |n r |dS > 0. For similar reasons for S g 2 < S g 1 , one has a surface region that "faces away" from the plate -A away S , and |n r |dS < 0. tabulated in [36] (see Table 1 there).
B. General idea about the SIA approximation
Here we briefly remind the technique of "the surface integration approach" (SIA), introduced in Ref. [39] , which will be used in calculating the force between a planar substrate and a single-walled carbon nanotube.
In 1934 the soviet scientist B. Derjaguin was the first to propose an approach [42] for calculating geometry dependent interactions in systems where at least one of the objects has a non-planar geometry. Depending on the research field in which this technique is used, it is known as Derjaguin approximation (DA) in colloidal science and proximity force approximation in studies of the QED Casimir effect (see p. 79 in Ref. [43] ). In particular the DA focuses on relating the interaction force/potential between two gently curved colloidal particles with the knowledge for that between a pair of parallel plates f A . An important feature of this technique is that it is only applicable if the separation distance between the interacting objects is much smaller than their geometrical characteristics.
In order to overcome this inconvenient condition the cocalled "surface integration approach" (SIA), reported in Ref. [39] , was developed. The main advantage of this new approach over the DA is that one is no longer bound by the restriction that the interacting objects must be much closer to each other than their characteristic sizes. Here we must also note that both DA and SIA are strictly valid if the interactions involved can be described by pair potentials, i.e. are additive. Even though the London-van der Waals forces, do not count as such [44] , their non-additive behaviour is accounted only by the Hamaker constant (see p. 58 in Ref. [43] ), and hence one can make use of the DA and/or SIA to evaluate these forces between objects of various geometries. Within the SIA the interaction force F B,| between an object (say a colloid particle) B of arbitrary shape and a flat surface bounded by the (x, z)−plane of a Cartesian coordinate system, is determined by subtracting from the contributions stemming from the surface regions A to S of the particle that "face towards" the plane those from the regions A away S that "face away" from it (see Note that the expression Eq. (2.6) takes into account that the force on a given point of S is along the normal to the surface For the cases presented, the tube-plate separation is considered fixed as L m /ρ = L c /ρ = 2. We choose to depict the force-pressure dependance only in the limiting orientations θ = 0 and θ = π/n of the tube with respect to the substrate's surface, since at any other θ , the value of the force lies between these two points for any fixed σ /σ c . The corresponding cross section shapes occurring at the commented in the text key values of σ for any considered n are also illustrated.
at that point (for details see Section 2 in Ref. [39] ). It is clear that if one takes into account only the contributions over A to S the results will be an expression very similar to one obtained using the DA.
In the next section we give the explicit form of Eq. (2.6) when the object B is a CNT whose cross-section symmetry index n = 2, 3 and 4.
III. THE FORCE PER UNIT LENGTH BETWEEN A SWCNT OF NON-CIRCULAR CROSS SECTION AND A THICK PLANAR SUBSTRATE WITHIN THE SIA APPROXIMATION
Let us now consider a SWCNT of length l which transverse contour can be described, in terms of the theory commented in Sec. II A, as a shape of n-fold symmetry, realized for some value of σ between σ b and σ t . Then, the force per unit length FIG. 5. 3D illustration of the considered mutual orientation between a CNT and a substrate. In this depiction the latter is sketched as a stack of flat graphene sheets, apart from one another by ∼ 3.2 Å [45] . The liquid medium (shown here as separate water molecules) in which the tube is considered immersed in, exerts an external uniformly distributed force along the inward normal vector to the tube's surface, which changes the geometry of the latter. The distances L m and L c are the two principal ones with respect to which the interaction between the CNT and the substrate is being studied, as L m designates the minimal gap between the surfaces of the objects involved and L c + ρ is the separation between the substrate's surface and the center of the tube. F l ≡ F/l between the carbon nanotube and a planar substrate, within the assumptions of the SIA is given by
with s w = 0 for a non-rotated tube, i.e. θ = 0, and s w = T /2 when one studies the case of a tube rotated clockwise to half its symmetry angle, i.e. θ = π/n, around the central axis. In Eq. (3.1) the appearing force per unit area is given by
where ∆ θ (s) ≡ y θ (s) + Λ(s w ) + L is the distance between an elementary projected area element dS, characterized by its value s, from the CNT's exterior and the surface of the plate. The separation L is such that if one considers the case of fixed minimal distance between the surface of the tube and that of the plate, L ≡ L m and Λ(s w ) = −y θ (s w ), whereas when one is interested in the interaction at fixed tube center-plate sep-aration, L ≡ L c and Λ(s w ) = ρ (see Fig. 5 ). The constants A Ham and ξ ret which appear in Eq. (3.2) are the so-called Hamaker constant and retadration length, respectively. The first depends only on the material characteristics of the interacting objects and the medium they are immersed in, but do not depend on any geometrical characteristics in the system, whereas the second constant is a medium specific quantity, which is a measurement for the distance at which the retardation effects are felt. The exponent ν is a characteristic for the decay of the interaction, as ν = 3 corresponds to the standard (London) van der Waals interaction, while ν = 4 describes the retarded (Casimir) one. The relation between the rotated and non-rotated coordinates is as follows
For a non-rotated tube, i.e. θ = 0, when σ is between σ t and σ c the expression for the force reads
where ϑ denotes the Heaviside strep function, with the condition ϑ (0) = 0, and "mod" is the standard modulo operator which, in the concrete case, returns the remainder after division of n by 3, with n = 2, 3, 4. In Eq. Being in the same range of values for σ , one can still make use of Eq. (3.1) to calculate the tube-plate force when θ = π/n with n = 2, but the corresponding expression for n = 3 reads
where s min is determined as described in the text above at θ = 0, s 2 is solution of the equation y π/3 (s 2 ) = y π/3 (2T ) and δ x π/3 (s) = |x π/3 (s) − x π/3 (s )| with the condition y π/3 (s) = y π/3 (s ).
Last but not least for n = 4, at θ = π/n and pressure well above σ t , Eq. (3.1) can be used to calculate F l (L), but only until σ becomes such that a saddle point [κ(s) = 0] occurs for some s whose value is between T and 3T /2. Further increase of σ will result in sign change of the curvature κ in the specified interval, as κ(s max ) > 0 and κ(s min ) < 0. Hence, for such . (4.1) . The uncertainty of each is given in parenthesis. The reported values are obtained using the build-in procedure NONLIEARMODELFIT in MATHEMATICA combined with minimization of the Pearson's chi-square χ 2 test. 
.96(6) 1.74 (5) conditions and geometry of the nanotube the force reads
Here s 3 is such that y π/4 (s 3 ) = y π/4 (s max ) and δ x π/4 (s) = |x π/4 (s) − x π/4 (s )| with the condition y π/4 (s) = y π/4 (s ). The numerical evaluation of the above expressions for a standard van der Waals interaction is visualized on Fig. 4 , while the observed dependance is commented in details in Sec. IV.
IV. RESULTS AND DISCUSSION
In interpreting the data illustrated on Fig. 4 , we propose the following approximation The second part, case (I), is chosen in analogy with the Mie potential [46] , describing the intermolecular repulsion at short distances and the attraction at large. Here, we observe the occurrence of a minimum in the Φ l (σ )-dependance both for L = L m at θ = 0 and any of the considered values of n as well as for L = L c at θ = π/n with n = 2 and 3. In understanding the soconstructed "repulsive" and "attractive" terms (proportional to Σ υ a and Σ τ b , respectively) it is worth describing the change of the CNT geometry upon deformation and link each step of it with the observed behaviour of Φ l (σ ).
As noted in the last paragraph of Sec. II A, the lowest value of σ above which one can observe non-circular cross section profile of a CNT is 3, which corresponds to contour with symmetry index n = 2 [ Fig. 4(a) ]. In this case, the increase ofσ aboveσ b,n=2 = 0.572 flattens the tube. If the realized geometry corresponds to θ = 0 and one fixes L = L m , surface elements, both facing "towards" and "away" from the substrate's surface, which for lower values ofσ were distant from the plate, will now appear closer. Since, Φ l is proportional to S ∆ −ν θ (s)dS [refer to expressions Eqs. (2.6) and (3.2)], the decrease of the separations ∆ 0 (s), due to the altered geometry, in comparison to these of a circular cross section, renders force which magnitude is higher than Φ l (σ b ). Our study shows that Φ l (σ ) continues to increase [note the curve ---on Fig. 4(a) ] even aboveσ t,n=2 = 0.637, reaching its maximum atσ max,n=2 = 0.658 with a value of Φ l (σ max,n=2 , 0, L m ) = −10.73 × 10 −3 . After this point Φ l decreases gradually towardsσ c ≡ 1, mainly due to the "indentation" of the tube's middle area elements, which face "towards" the substrate's surface.
On the other hand, if upon "flattening" the tube's cross section profile mimics the one of a CNT with symmetry index n = 2 rotated to its symmetry angle θ = π/2, the nonretarder van der Waals force will be a decreasing function of σ for any value greater thanσ b,n=2 [note the curve --•-on Fig. 4(a) together with case (II) of Eq. (4.1)] with an infinite slope atσ =σ b,n=2 . This behaviour is conditioned by the relatively lower fraction of the tube's surface area which face "towards" the substrate's surface in comparison to that of a non-deformed CNT.
If now, instead of fixed minimal surface-to-surface distance L m between a CNT and a substrate, one takes L = L c [ Fig. 4(b) ] the behaviour of the force with respect to the tube's inclination is vice versa to that discussed in the previous paragraphs. The force maximum Φ l (σ max,n=2 , π/2, L c ) = −8.90×10 −3 is reached atσ max,n=2 = 0.60 <σ t,n=2 when one takes L c /ρ = 2. This behaviour is easily explained considering that, when the tube's center-to-substrate's surface distance (L c + ρ) is fixed, the separations ∆ 0 (s) of the CNT's area elements A to S , broaden with the increase ofσ aboveσ b,n=2 . As a result, the force Φ l weakens monotonically [note the curve ---on Fig. 4(b) ]. On the other hand, ∆ π/2 (s) of a portion of A to S decreases for a certain interval of values of the pressure, which results in the occurrence of a force maximum [note the curve ---on Fig. 4(b) ]. In an analogical manner one can describe the force-pressure dependance [Figs. 4(c) − (f)]] in a CNT-plate systems with symmetry index n > 2.
It is worth noting that the curves Φ l (σ , 0, L) and Φ l (σ , π/n, L) tend towards one another when the dissimilarities, between the rotated (at θ = π/n) and non-rotated (at θ = 0) cross section profiles, decreases with the inflation of n. One also observes that Φ l (σ max,n , θ , L) weakens with the increase of n, as for n = 4 at L c /ρ = 2 it vanishes [note the curve ---on Fig. 4(f ) ].
V. SUMMARY AND CONCLUDING REMARKS
The aim of the current article was to study the observed behaviour of the non-retarded van der Waals force between a planar substrate and a SWCNT, when both are immersed in a liquid medium which exerts hydrostatic pressure on the tube's surface, thereby altering its cross section profile. The shape of the SWCNT was described as a continual structure characterized by its symmetry index n -see Sec. II A. Here we considered only contours with n = 2, 3 and 4. Two principle mutual positions of the tube with respect to the substrate were studied:
• when one keeps constant the minimal separation (L m ) between the surfaces of the interacting objects;
• when the distance from the CNT's center to the substrates bounding surface (L c + ρ) is fixed.
Within these conditions, using the technique of the surface integration approach -see Sec. II B, we derived in integral form expressions which give the dependance of the commented force from the applied pressure -see Sec. III. The results from the numerical evaluation of these expressions are presented in Fig. 4 , and an explanation for the established dependance is indicated in Sec. IV. From what is presented on Fig. 4 it is clear that we choose to vary σ only between σ b and σ c , for any realized symmetry of the non-circular contour. This is because presently the description of the CNTs cross section above the "contact" pressure is debatable [47] .
In the last paragraph of Sec. II A it was briefly stated that the value of σ c is calculated based on the criteria for overlaping of the opposite sites of some CNT transverse contour, which in some sense is a purely mathematical consideration. Since nanotubes are discrete atomistic structures, one can estimate the physical value of the "contact" pressure taking into account some upper limit on the minimal separation between opposing atoms on a single contour loop. Thus, if one chooses as a constrain the condition that σ c is this value of the hydrostatic pressure at which the carbon-carbon Lennard-Jones potential is zero [48] , i.e. V C−C LJ (r 0 ) = 0, then we have for a SWCNTs with n = 2 that: σ [50] to determine the radius ρ of the nanotubes. The corresponding pressure p c in units GPa is also given, assuming for D the value 1.13 eV reported in Ref. [51] .
Last but not least, in scope of arguing the experimental feasibility of the presented theory, we give the magnitude of the force for concrete system of substances, say (40, 40) armchair SWCNT and a graphene sheet immersed in water. For such a system we take A Ham = 10 zJ [52] and the value for D as considered above. Hence, assuming n = 2 we have that p b ∼ 0.2 GPa, p t ∼ 0.23 GPa, p c ∼ 0.3 GPa, F l (p b ) −43.5 pN/µm and • for L = L m at θ = 0, p max ∼ 0.24 GPa and F l (p max ) −56.3 pN/µm;
• for L = L c at θ = π/2, p max ∼ 0.22 GPa and F l (p max ) −46.7 pN/µm.
